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Abstract 
The Hall plane of order q2 is constructed from the Desarguesian plane of order q2 by the 
process of derivation with respect o a fixed derivation set on a fixed ideal line. The affine points 
of a non-degenerate conic in the Desarguesian plane of order q2 can be regarded as a set of 
points in the corresponding Hall plane. 
We give a classification of the structure of sets of points in Hall planes arising from conics 
with two points in the derivation set. Further, if q is even, we classify the sets of points in Hall 
planes arising from conics which admit the ideal line as a tangent and are such that either the 
point of contact or the nucleus of the conic (or both) is contained in the derivation set. 
1. Introduction and preliminaries 
A k-arc in a finite projective or affine plane is a set of k points no three of which are 
collinear. A k-arc is complete if it is not contained in a (k + 1)-arc. A k-arc in a plane of 
order q contains at most q + 1 points if q is odd and at most q + 2 points if q is even. 
A (q + 1)-arc is called an oval and a (q + 2)-arc is called a hyperoval (see [4] for details 
about k-arcs). 
The Hall plane of order q2, q > 2, can be constructed from the Desarguesian plane 
PG(2,q 2) of the same order by derivation. Let f~ be a line of PG(2,q2) and let 
AG(2, q2) = PG(2, q2)\fo~. A derivation set ~ of AG(2, q2)is a set of q + 1 points in f~ 
such that for any two affine points P and Q for which the ideal point of the line PQ is 
in ~ there is a Baer subplane containing P, Q and whose ideal points coincide with 9.  
We define a new incidence structure ~AG(2, q2) as follows: the points are the points of 
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AG(2, q2), a line is either a line of AG(2, q2) with ideal point not in ~ or the points of 
a Baer subplane in AG(2, q2) whose ideal points coincide with ~, and incidence is the 
natural containment relation. Then ~AG(2, qZ) is an affine plane of order q2 whose 
projective completion is the Hall plane, Hall(q2), of the same order. If Eo~ is the line 
z = 0 then ~0 = {(1, x, 0) Ix ~ GF(q)} u {(0, 1, 0)} is a derivation set, called the real 
derivation set in AG(2, q2), and the affine Baer subplanes whose ideal points are those 
on ~ are the sets R(a,b,c) = {(ua + b, va + c)l u, veGF(q)}, where a,b, ceGF(q2), 
a # 0, [6, 9]. Note that R(al ,b l ,c l )  and R(a2,b2,c2) are disjoint or coincident if 
and only if a2/aleGF(q) and are coincident if and only if a2/a~eGF(q), 
(b2 - bl )/al~ GF(q) and (c2 - cl)/al ~ GF(q). 
If ~ is a derivation set and cg is a non-degenerate conic in AG(2, q2) then ~ is called 
a derived conic in ~AG(2, q2). The construction of derived conics which are arcs in 
~AG(2, q2) that complete to ovals or hyperovals in Hall(q 2) has been considered in 
[1, 3, 8, 10]. (See also [12].) We are interested in classifying the configurations formed 
by the points of a derived conic in a Hall plane. 
In the following, if n is a projective or affine plane then we denote by Aut n the full 
automorphism group of n. If X is a set of points in n, the stabiliser in Aut rr of X is 
denoted by Aut nx. We will only classify derived conics in Hall(q 2) up to equivalence 
under the action of Aut(Hall(q2)). 
If ~ e Aut(AG(2, q2)) fixes a derivation set ~, then ~ induces an automorphism 
of ~AG(2,q2), and hence of Hall(q2), called an inherited automorphism. Thus 
Aut(AG(2,q2))~ = Aut(PG(2,q2))~ is a subgroup of Aut(Hall(q2)). In fact, if q > 3 
then Aut(Hall(q2)) = Aut(PG(2, q2))~. (For the details, see [2, 6].) Consequently, if 
two sets of points in PG(2, q2) are in the same orbit of Aut(PG(2, q2))~ then they are in 
the same orbit of Aut(Hall(q2)) (and if q > 3, the reverse is also true). 
Thus to investigate a representative from each orbit of Aut(Hall(q2)) on derived 
conics, it is sufficient to investigate a representative from each orbit of Aut(PG(2, q2))~ 
on non-degenerate conics. If q > 3, this is also necessary. (Recall that, if q t> 3, 
a non-degenerate conic cg in AG(2, q2) is contained in a unique non-degenerate conic 
in PG(2, q2).) 
To find the orbits of Aut(PG(2, q2))~ = PFL(3, q2)~ on non-degenerate conics in 
PG(2,q 2) we find the orbits of PFL(3,q 2) on triples (~,~,~)  where ~ is a non- 
degenerate conic, E~ is a line and ~ is a derivation set on ~o. These orbits are 
amalgamations of orbits of PGL(3, q2), a subgroup of PF L(3, q2), on triples (~, ¢~, ~) 
so we look first at the orbits of PGL(3, q2) on triples (~, ~ ,  ~). 
By the transitivity of PGL(3, q2) on the set of non-degenerate conics in PG(2, q2), 
[4], we may fix a conic ~. Further, the stabiliser in PGL(3, q2) of a conic is transitive 
on the sets of secant, tangent and external lines of the conic [4, 5] so we consider 
3 cases according as the line ~ is (A) a secant, (B) a tangent or (C) an external line 
of ~. 
For the first case (A), if the points of contact are P and Q, we consider the following 
subcases: (A1) P, Q e ~, (A2) P, Q ¢ ~ and (A3) exactly one of P or Q is in ~. For the 
second case (B) if (o~ is a tangent to ~ at P, and q is odd, Korchm~ros in [8], proved 
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that ~ is not an arc in Hall(q2). For q even, the nucleus N o f~ in PG(2,q 2) lies on d~, 
and so we consider the following subcases: (B1)P, Ne~,  (B2)Pe~,  N¢~,  
(B3) P¢~,  Ne~ and (B4) P ,N¢~.  Theorem 3.1 gives a complete classification of 
triples (~, ~oo, ~) that fall under case (A1) and Theorem 3.2 treats cases (B1)-(B3). The 
results for (B2) and (B3) are consequences of the construction and analysis of two 
classes of translation hyperovals in Hall(q 2) in [10]. Triples (~, d~o, ~) that fall under 
(B4) have been classified in [3]. It was shown that, in this case, the derived conic is an 
arc in ~AG(2, q2) and completes to a hyperoval in Hall(q 2) if and only if q is a square 
and the two points P and N are conjugate with respect o ~. 
It is interesting to note that if q is odd then there are examples of derived conics 
falling into case (A2) which are arcs and complete to ovals in the Hall plane, see [7] 
(Example 2.3 gives a precise statement of the result). For q = 3, a complete computer 
search classified triples (~,d®,~) falling under cases (A2), (A3) and (C), see the 
statement of the results in Section 3. 
The notation introduced in this section is used throughout the paper. 
2. Some examples of images of conics under derivation 
In this section we consider the configurations formed in the Hall plane by the points 
of several derived conics. These will be useful ater. 
Example 2.1. Let ~ be the conic xy = 1 and ~ the real derivation set for AG(2, q2). 
Then ~ is not an arc in ~AG(2,q 2)/fq > 3, and is an arc completable to an oval in 
Hall(q 2)/f q = 3. 
Proof. First note that the projective completion ~ in PG(2, q2) of~ meets do~: z = 0 in 
two points (1,0,0) and (0, 1,0). 
For q > 3, ~ is not an arc in Hall(q 2) since the Baer subplane R(1,0, 0) contains 
more than two points of ~, as ~ r~ R(1,0,0) is a conic in R(1,0,0) with q + 1 >/5 
points, so at least 3 affine points. 
Let q = 3. Since ~ is an arc in AG(2,9) then no three points can be con- 
tained in a line of ~AG(2,9) which is also a line of AG(2,9). Suppose that a 
line of ~AG(2,9) which is the set of points of an arlene Baer subplane of 
AG(2,9) contains three points of ~, say P,Q and R. Now, PQ, PR and QR 
have distinct ideal points in ~ which are different from (1,0, 0) and (0, 1, 0), for ~ is 
an arc in PG(2, 9). Thus, ~ contains five points, a contradiction. Hence, ~ is a 7-arc in 
Hall(9). 
To prove that ~ can be completed to an oval in Hall(9) we show that the ideal point 
of each line R(co, 0, 0) and R(~o 3, 0, 0), where co is a primitive lement in GF(9) satisfying 
co2+ o + 2 = 0, can be added to ~. We need to check that each R(o,b,c) and 
R(o~3,b,c), for b, ceGF(q),  meets ~ in at most one point. In other words, we need to 
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check that for arbitrary b, c ~ GF(9), the system of equations 
x=ua+b 
l /x = va + c' 
where a = o~ or to 3, has at most one solution for x in GF(9) and u, v e GF(3). Suppose 
there exist x l ,  x2 eGF(9) ,  x~ # x2, such that the system of equations holds for some 
ui, vi in GF(3), i = 1,2. Since (xl - x2) /aeGF(3)  and [(l/x1) - (1/x2)]/aeGF(3) then 
(xl - x2) = _ a and (x2 - Xl ) /X lX2  = ~ a giving xlx2 = + 1. Thus xl and x2 are 
roots of one of 4 possible single quadratic equations, namely x 2 + ax + 1 = 0 or 
x 2 + ax - 1 = 0 with determinants d = a 2 -I- 1. There is no solution to any of these 
equations for if a = co or to 3 then d = ~o i, i = l, 3, 5 or 7 which are all non-squares in 
GF(9) (refer to [4]). This contradicts the assumption of the existence of x~ and x2, and 
can be completed to an oval in HaU(9). [] 
Example 2.2. Let c~ be the conic xy = - d, where d is a fixed non-square in GF(q2), 
q odd, and ~ is the real derivation set for AG(2, q2). Then c~ is a complete (q2 _ 1)-arc in 
Hall(q2). 
Proof. Sz6nyi, in [12], proved that c~ is a complete (q2  _ 1)-arc in Hall(q 2) whenever 
q/> 7 is odd. In fact, Sz6nyi's proof  is also valid for q = 5 and part is valid for q = 3. 
We complete the proof  in the case q = 3 by showing that ~ is a complete (q2  _ D_ar c 
in Hall(q 2) for q/> 3. 
First, we show that every affine point lies on some secant to cg in Hall(q2), hence 
cannot be added to ~¢ to still have an arc. If an afline point P is internal to ~ then P lies 
on [ - (q2  -I- 1)/2] - 2 secants to c£, at most q - 1 of which have ideal points in ~ (since 
the ideal points of ~g are (1,0,0) and (0,1,0)). So there are at least 
n = [ (q2  _ 3)/2] - (q - 1) secants to c£ through P whose ideal points are not in ~.  
Since n > 0 when q ~> 3 then P lies on a secant to ~ in Hall(q2). Now, suppose P is 
external to ~ and the two tangents through P meet the conic ~' at (1, 0, 0) and (0, 1, 0) 
then there are at least n = [ (q2  _ 1)/2] - (q - 1) (n > 0 i fq t> 3) secants to cg through 
P whose ideal points are not in ~.  If only one tangent to ~' through P contains an 
ideal point then P lies on at least n = [ (q2  _ 3)/2] - (q - 1) (n > 0 i fq 1> 3) secants to 
q¢ through P whose ideal points are not in ~.  If neither tangent to ~' through 
P contains an ideal point then P lies on at least n = [ (q2  _ 5 ) /2 ]  - (q  - 1)  (n > 0 if 
q t> 5) secants to ~ through P whose ideal points are not in ~.  
Thus, we have shown that with the exception of one case no afline point 
can be added to cg to still have an arc in Hall(q 2) for q t> 3. The remaining case 
is when q = 3 and P is external and the two tangents to ~g through P do not meet the 
conic at (1,0, 0) and (0, 1, 0). We assume that neither of the two secant lines through 
P which meet the conic in affine points have ideal points not in ~,  for otherwise, 
P cannot be adjoined to ~ to still have an arc. This configuration is investigated in the 
next lemma. 
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Lemma 1. Let P (x l ,y l )  be an external point to c~: xy  = - d, (d is a non-square in 
GF(9)), in AG(2, 9) such that (i) neither of  the tangents, 41 and ¢'2, to ~ through P meet 
~,  and (ii) the secant lines, ol and o2, to ~ through P meet ~ at (1, - 1,0) and (1, 1,0), 
respectively. Then there exists a Baer subplane in AG(2, 9) containing P and two points 
of  the conic c~. Hence, P cannot be added to c~ in Hall(9) to still have an arc. 
For the proof we need two lemmas. 
Lemma 2. Yl 50 ,  and x l /y l  ¢ GF(3). 
Proof. Let P be joined to (1,0,0) and (0, 1,0) by dl and d2, respectively. These and 
the secant lines have the following homogeneous coordinates: dl: I -0 ,1 , -Y l ] ,  
d2: [1,0, - x l ] ,  o1: [1, 1, - (Xl + Yl)] and o2: [1, - 1,yl - x l ] .  A point (x,y, 1) lies 
on dl n c~ if and only if xy l  = - d has a solution for x. Hence, Yl # 0 as d ~ 0. 
Similarly, a point (x, y, 1) lies on d2 n c~ if and only if x ly  = - d has a solution for 
y and so xl ~ 0. Next, we show that xl ~ _ Yl. Since ol is a secant line to ~ then 
there must be two values of x satisfying the equation x 2 - x(x i  + Yl) - d = 0. This 
means that the discriminant (xl + yl) 2 + 4d must be a square. Thus, xl # - Yl, as 
d is a non-square implies that 4d is also a non-square in GF(9). Using the fact that 02 is 
a secant line to c~ and arguing similarly we get xl ~ Yl- [] 
Lemma 3. Either (Y l ,  - -  d/yl ,  1) or ( - d /x l ,x l ,  1) belongs to 0 2.  
Proof. Let Q = (yl,  -d /y l ,  1), R = ( -  d/Xl ,X l ,  1), A = ( -  d/y l ,y l ,  1) and 
B - - (x l ,  -d /X l ,  1). These are distinct points on the conic ~. Now, Q and R must 
lie on ol,o2,¢1 or 12 since A~dl  as ( -d /y l ,y l ,1 )e [O,  1 , -Y l ]  and Bed2 as 
(Xl, - d/x l ,  1)e[1,0, -- x l ] .  Suppose Q is on 01. Then Yl - d/yl - (Xl + Yl) = 0, 
giving x ly l  = - d, a contradiction as P¢ ~. Similarly, R cannot lie on Ol. Suppose 
both Q and R are points of tangency. Then RTAP = 0 and QTAP = 0, where A is the 
matrix associated to ~. Thus, x 2 - d [ (y t /x l )  - 2] = 0 and y2 _ d [ (x l /y l )  - 2] = 0 
from which we get Xl 4 - yl 4 = 2xly l (x~ - y2). So x 2 - 2x ly l  + y21 = 0, hence x~ = Yl 
contradicting Lemma 2. Thus, Q and R do not lie on ol, dl or d2 and at most one is 
a point of tangency. We conclude that at least one of Q and R lies on o2. [] 
Proof of Lemma 1. We use the notation of Lemmas 2 and 3. Suppose Q eo2, 
hence PQ meets ~' in 9 .  The line QA has homogeneous coordinates 
[ - Yl - (d/yl), - Yl - (d/yl),Y 2 - d2/y 2] and meets d = [0,0, 1] at (1, -1 ,0 )E~.  
Also, PA meets d in ~ at (1,0,0) as AP = dl. Thus, there is a Baer plane on 
containing P, Q and A (see [2]). 
If R ~ o2 then PR = o2 and PB = g2 and both lines meet t" in 9 .  The line BR has 
homogeneous coordinates Ix1 + d/x l ,  x l  + d/x1, (d/x1) 2 -  x 2] and meets d at 
(1, -1 ,0 )e~.  Therefore, there is a Baer plane on ~ containing B,R  and P. [] 
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Finally, we show that no ideal point can be added to cg to still have an arc in 
Hall(q2), for odd q >_, 3. fhis is proved in [12] for q > 3. For q = 3, we first show that 
for each parallel class of lines in ~AG(2, 9), which are Baer subplanes in AG(2, 9), 
there is a secant line R(a, b, c) to cg: xy = - d, where d is a fixed non-square in GF(9). 
Since all such conics are equivalent under PFL(3,q), we let d be the non-square 
element o95 in GF(9) where co is a primitive element satisfying 0)2 .~_ O9 ..~ 2 = 0. Here 
we list 4 lines, one from each of the 4 parallel classes of lines in Hall(9) which are Baer 
subplanes in AG(2, 9). Each of the 4 lines is a secant o the conic cg at the indicated 
po ints :  R(O9, O92, o92) at (o92,o97, 1)and (o97,o92, 1); R(o92, o9, o9) at  (to, 1, 1) and (1,o9, 1); 
R(o93, co, o95) at (co, l, 1) and ( - 1, ogs, 1); and R( - 1, co, o92) at (o97, w2, l) and (o96, o9a, 1). 
Thus, for each parallel class of lines in ~AG(2, 9), which are sets of points in Baer 
subplanes in AG(2, 9), there is at least one line which meets the derived conic in two 
points. An ideal point P not belonging to ~ cannot be adjoined to c¢ to still have an 
arc, for otherwise in PG(2, 9) there would be a point P' E ~ through which there pass 
8 tangents to ~g, contrary to [4], Lemma 8.2.1. So no ideal point can be added to cg to 
give an arc in Hall(9). This completes the proof of the assertion in Example 2.2. [] 
Korchm~tros [7] constructed a class of hyperbolas in AG(2,q2), q odd, each of 
which is still an arc in Hall(q2). He considered non-degenerate conics with equation of 
the form cg: x 2 _ cy2 = d, where d is a non-square in GF(q 2) and c e GF(q), and used 
the real derivation set in AG(2, q2). It was asserted in the paper that cg completes to an 
oval in Hall(q2). However, this statement holds if and only if c is a non-square in 
GF(q). More precisely, 
Example 2.3. Let cg be the non-degenerate conic x ~ - cy  2 = d in AG(2, q2), where d is 
a f ixed non-square in GF(q 2) and c eGF(q), and let ~ be the real derivation set for 
AG(2, q2). Then cg completes to an oval in Hall(q 2) if c is a non-square in GF(q), and is 
a complete (q2 _ 1)-arc if c is a square in GF(q). 
Proof. For any c ~ GF(q), the affine points of the derived conic ~¢ form a (q2 _ 1)-arc 
in ~AG(2, q2) (Corollary, Theorem 2, [7]). If c is a non-square in GF(q) then the ideal 
points P and Q of the projective completion ~g of cg do not belong to ~ since the 
equation x2 - cy 2 = 0 has no solution in GF(q). Hence each line in the parallel class 
of lines in AG(2, q2) with ideal point P meets rg in at most one point. But these lines 
form a parallel class of lines in ~AG(2, q2) with ideal point P', say. Thus rg w {P'} is 
a q2 arc in Hall(q2). Similarly, there is an ideal point Q' corresponding to Q so that 
rg w {P'} w {Q'} is an oval in Hall(q2). 
Our assertion that cg is a complete (q2 _ 1)-arc in Hall(q 2) ifc is a square in GF(q) 
for odd q >/3 is proved in the next section. However, it is important to note that for 
q = 3, the following statement is true: ifc is a square in GF(3) then no ideal point can be 
adjoined to ~ to 9ire an arc in Hall(9). As above, we can choose d = o9, where o9 is 
primitive element in GF(9) such that o92 + o9 + 2 = 0, and c = 1. cg has equation 
x 2 - y2= o9 and its projective completion ~ in PG(2,9) has two distinct points 
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(1, 1,0) and (1, - l, 0) of ~. If P is an ideal point of a line of ~AG (2, 9) which is a line of 
AG(2, 9) whose ideal point is not in ~ then P cannot be added to ~¢. Otherwise, we get 
8 tangents of c~ through the point P in PG(2,9), contradicting Lemma 8.2.1 [4]. Next, 
we show that no ideal point of a line of ~AG(2,9) which is a set of points of a Baer 
subplane in AG(2, 9) can be adjoined to ~. We exhibit a secant line to cg from each of 
the parallel classes of lines in Hall(9) which is a set of points of a Baer subplane in 
AG(2,9). It is easy to verify that R(09,092,0) is a secant o cg at the points (1,o9, l) and 
(1,095,1); R(092,09,0) at (0)3,092,1) and ((/)3,096,1), R(093, 0, 09) at (093,092,1) and 
(097,09 2,1) and R( - 1,0,09) at ( - 1,09, 1) and (1,09, 1). [] 
3. Main result 
Let AG(2, q2) = PG(2, q2)\flo o and let ~ be a derivation set on foo. We denote by 
~AG(2, q2) the affine plane obtained by deriving AG(2, q2) with respect o ~; so that 
Hall(q 2) is its completion. Let ff be a conic of AG(2, q2) with projective completion 
~g in PG(2, q2). 
Theorem 3.1. Suppose that f~ is a secant to ~g, and the points, P, Q of intersection 
lie in ~. 
(a) I f  q = 3, then c~ is an 8-arc in ~AG(2,9) and one of the following occurs: 
(i) The configuration of ~ and cg is projectively equivalent in AG(2,9) to the 
configuration of the real derivation set and the conic with equation xy = 1. In this case, 
c~ is an incomplete 8-arc in Hall(9) and can be completed to an oval. 
(ii) The configuration of ~ and cg is projectively equivalent in AG(2,9) to the 
configuration of the real derivation set and the conic with equation xy = - d, where d is 
a fixed non-square in GF(9). In this case, cg is a complete 8-arc in Hall(9). 
(b) I f  q > 3 is odd, then one of the following occurs: 
(i) The configuration of ~ and c~ is projectively equivalent in AG(2,q 2) to the 
configuration of the real derivation set and the conic with equation xy = 1. In this case, 
is not an arc in Hall(q2). 
(ii) The configuration of ~ and c~ is projectively equivalent in AG(2,q 2) to the 
configuration of the real derivation set and the conic with equation xy = - d, where d is 
a non-square in GF(q2). In this case, c~ is a complete (q2 _ 1)-arc in Hall(q2). 
(c) I f  q > 2 is even, then the configuration of ~ and c~ is projectiuely equivalent in 
AG(2, q2) to the configuration of the real derivation set and the conic with equation 
xy = 1. In this case, cg is not an arc in Hall(q2). 
Proof. Suppose first that q is odd. As detailed in Section 1, we wish to determine the 
orbits of PGL(3, q2) on triples (~, foo, ~), where ~, g~, ~ are as in the statement of the 
theorem. Also as in Section 1, this is equivalent to determining the orbits of 
PGL(3, q2)~. e~ on derivation sets ~ on fo~ which contain P and Q. 
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As we have argued in Section 1, we can choose ~: xy  = z 2 and doo: z = 0, so that 
doo is secant to ~g at the points (1,0,0) and (0,1,0). For that purpose, let 
t = PGL(3, q2)~. ~. denote the stabiliser in PGL(3, q2) of ~g and doo in its action on 
d~o. Now I PGL(3,q2)~.¢oo I= 2(q 2 -  1), (see Corollary 6 to Theorem 7.2.3 in [4-1, 
note that PGL(3,q2)ff is transitive on the q(q + 1)/2 secants and use the orbit- 
stabiliser theorem). Note also that the kernel of the action q9 has order 2, for if 
~b: PGL(3, q2)~. ~ ~ ~# then the kernel is generated by 
1 0 . 
0 --1 
Hence t has order q2 _ 1, by an isomorphism theorem. Denote (1,0,0) (0, 1,0) and 
(1, x, 0) by (0), ( oo ) and (x), respectively. The orbit of t on Eoo containing (0) has length 
2 (for {(0), ( oo )} is fixed setwise by t and 
0 e t  
0 
switches (0) and ( oo )). So the stabiliser t(o~ of (0) in t also fixes ( oo ) and has order 
(q2 _ 1)/2 by the orbit-stabiliser theorem. We determine the orbits of t(o~ on the 
q2 _ I points in doo \{(0), ( oo )}. Now, t is isomorphic to a subgroup of PGL(2, q2) in 
its action on a projective line, and the elements of ito ~ (fixing (0) and ( oo )) must be of 
the form x ~ ax, where a E GF(q2), a # 0. Since the multiplicative group of a field is 
cyclic of order q2 _ 1, it has a unique subgroup of order (q2 _ 1)/2 and so the group 
•o) is given by {aa: x ~ ax la  is a non-zero square in GF(q2)}. Thus, there are two 
orbits of t(o) on the (q2 _ 1) points of doo\{(0),( ~ )} namely {(x)lx is a non-zero 
square in GF(q2)} and {(x)lx is a non-square in GF(q2)}. 
Next, we show that there are two orbits of tto ) on derivation sets 9 on f® 
containing (0) and ( oo ). Let 9 = {(0),( oo ),(di)} and let 9 '  = {(0),( oo ),(rl)} be the real 
derivation set of AG(2, q2). Suppose d~ is a non-zero square in GF(q 2) and without 
loss of generality, assume sd~ = r~ for some square element s in GF(q2). 9 '  and s9  
coincide since they are derivation sets for AG(2,q 2) with three common points. It 
follows that for every i, di is a square lement in GF(q2). Thus, the elements of 9 which 
are different from (0) and ( oo ) are either all of the form (x), where x is a non-zero 
square or all of the form (x), where x is a non-square in GF(q2). 
The full group that stabilises {(0), ( oo )} setwise in i is given by ({aa : x ~-~ ax[ a is 
a non-zero square in GF(q2)}, {x ~ l/x}), so there is no amalgamation of the two 
above orbits on derivation sets. Since an automorphic collineation maps squares to 
squares and non-squares to non-squares, there is also no amalgamation of the above 
orbits on derivation sets when the whole group PFL(3, q2)~.¢~ is used. We specify the 
two representatives by ~g: xy  = z2,do~: z = 0 and 91 = {(0),( oo )} u {(x) lx~GF(q)}  
or 92 = {(0),(o0)} w {(dx) lx~GF(q)} ,  where d is a non-square in GF(qZ). The 
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configuration formed by the points of the derived conics in the case of (~g, f~,  91 ) is 
given in Example 2.1, and part (a) of the theorem is proved for q odd. To show part (b), 
note that the triple (~g, ¢~o, 92) is in the same orbit under PFL(3, q2) as the triple where 
the conic is xy = - dz 2, where d is a fixed non-square in GF(q2), the line is z = 0 and 
the derivation set is the real derivation set (apply the homography 
- 1/d 
0 
to the second triple). This case was therefore discussed in Example 2.2, and part (b) of 
the theorem is proved for q odd. 
Most of the statements above for q odd hold for q even, however since 1 = - l, Ker 
~0 is trivial and so the order off~ is 2(q 2 -- 1). Thus, for q even, I(~to~ I = q2 _ 1 and f~ol 
is transitive on points E~\{(0), ( oo )}. Thus f~ and hence PFL(3, q2)~, ~ is transitive on 
derivation sets on ~ containing both P and Q. We take as representative the conic ~: 
xy = z 2, the line ~o~: z = 0 and the real derivation set for AG(2, q2). The configuration 
formed by ~ is given in Example 2.1, finishing the proof of Theorem 3.1. [] 
Theorem 3.2. Suppose that f ~ is tangent o ~ with point of contact P. 
(a) I f  q is odd, then c~ is not an arc in Hall(q2). 
(b) Suppose q is even, q > 2. Then the nucleus N of ~ in PG(2,q 2) lies on E~. 
(i) I f  P, N e 9 then c£ is not an arc in 9AG(2, q2). 
(ii) l f  P E 9 and N q~ 9,  then the configuratin of 9 and c£ is projectively equivalent in 
AG(2,q 2) to the configuration of the real derivation set and the conic with equation 
y = x2+ sx, where s~GF(qE)\GF(q). In this case, c~ is an incomplete qE-arc in 
9AG(2, q2) and can be completed to a hyperoval in Hall(q2). 
(iii) I f  P q~ 9 and N • 9,  then the configuration of 9 and c£ is projectively equivalent 
in AG(2,qZ) to the configuration of the real derivation set and the conic with equation 
x 2 + sy 2 + x = 0, where s E GF(q2)kGF(q). In this case, c~ is an incomplete q2-arc in 
9AG(2,  q2) and can be completed to a hyperoval in Hall(q2). 
Proof. If q is odd then ~ is not an arc in 9AG(2,q 2) for otherwise, 9AG(2,q 2) 
coincides with AG(2,q2) by Theorem 1 [8]. 
To prove (i), let ff = PGL(3, q2)¢~g, be the stabiliser in PGL(3, q2) of ~ and f~,  in 
its action on f~.  As in [103, the order offf  is [ffl = q2 _ 1. Note that P and N are fixed 
by ft. 
We wish to show that ff is transitive on the q + 1 derivation sets on ~ which 
contain P and N. Let 9 be one such derivation set. By the orbit-stabiliser theorem, it is 
enough to show that the stabiliser i f9 in ff of 9 has order q - 1. 
Now, f¢ is isomorphic to a subgroup of PGL(2, q2) acting on E~, so any element of 
ff is determined by the images of three points. An element of ff~ fixes P and N and has 
at most q - 1 choices for an image of a third point, hence [ aj~] ~< q _ 1. However, 
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there are q - 1 elements of PGL(2, q2) fixing a derivation set and fixing two points of 
it; for we can assume that ~ is the real derivation set, P = (0) and N --- ( oo ) and the 
q - 1 maps are x ~ ax,  a ~ GF(q). These are induced by the homographies in ff of the 
form [!0 :] 
1 
Taking the conic ~: y2 + xz  = 0 with the real derivation set as representative then 
for q > 2, c~ is not an arc in HaU(q 2) since the real Baer subplane intersects c¢ in more 
than two points as c¢ c~ R(1,0,0) is a conic in R(1,0,0). It is proved in 1-101, that 
PFL(3, q2) has one orbit on triples (~, Eo0, ~) as described in case (ii). In this case ff is 
a q2-arc in ~AG(2,q 2) which is uniquely completable to a hyperoval in Hall(q2), 
(Theorem 2.2, [101). We may, therefore take as representative the conic ~ with 
equation yz  = x 2 + sxz ,  where seGF(q2) \GF(q)  since N = (1, - s,0)$ ~ and 
P = (0, 1,0)~ ~. Similarly, (iii) is a consequence of the construction described in 
Theorem 2.3 1-101. Here, we take as representative ~: x 2 + sy2z + xz  = 0 and the real 
derivation set ~ and observe that N = (0,1,0)e~ and P = (1 ,x /1 /s ,O)¢~.  This 
proves Theorem 3.2. [] 
In Example 2.3, we considered the set of non-degenerate conics c¢ with equation 
x 2 - cy 2 = d, where d is a fixed non-square in GF(q 2) and c e GF(q). The line z = 0 is 
a secant o ~. If c is a square in GF(q) then the ideal points of c¢ belong to the real 
derivation set ~, thus c¢ falls under Theorem 3.1. Since [7] proves that c¢ is an arc in 
~AG(2, q2) then by Theorem 3.1, ifq > 3, c¢ is a complete (q2 _ 1)-arc in Hall(q2). If 
q = 3, we have proved (in Example 2.3) that no ideal points can be added to c¢ and 
since an oval in Hall(9) that falls under Theorem 3.1(a) has two ideal points in 
Hall(9) then c¢ must be a complete 8-arc. This completes the proof of the assertion in 
Example 2.3, i.e. a non-degenerate conic with equation x2 - cy 2 = d, where d is a fixed 
non-square in GF(q2), is either a complete (q2_  1)-arc or an oval in Hall(q 2) 
according as c is a square or a non-square in GF(q). This corrects the statements made 
in 1'71. 
By a complete computer search, we determined the configurations of derived 
conics in Hall(9) not covered by Theorems 3.1 and 3.2 [111. The results are 
as follows. Let ~ be a non-degenerate conic in AG(2,9) and let ~ be a derivation 
set on f~.  
Result 1. Suppose doo is a secant o ~ and the points of intersection are not in ~. If cO is 
an arc in ~AG(2, 9) then c¢ completes to an oval in Hall(9). 
Result 2. Suppose doo is a secant o ~ and exactly one of the points of intersection is
not in ~. If ~ is an arc then q¢ completes to a 9-arc. 
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Result 3. If go is external to ~g then rg is not an arc in ~AG(2,9). 
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